Let l be a positive continuous function on [0, +∞). An entire function f is said ([1; 2, p. 71]) to be of bounded l-index if there exists N ∈ Z + such that for all n ∈ Z + and z ∈ C |f (n) (z)| n!l n (|z|) ≤ max |f (k) (z)| k!l k (|z|) : 0 ≤ k ≤ N .
The least such integer N is called the l-index and is denoted by N (f, l). Denote n r, z 0 ,
where a k are zeros of f . The function f is said [2, p. 49 ] to be of bounded value l-distribution if there exists p ∈ N such that for all z 0 ∈ C and w ∈ C
As in [1; 2, p. 71] by Q we denote the class of positive continuous functions l on [0, +∞) such that l(x + O(1/l(x)) = O(l(x)) as x → +∞. The following statement is true ([2, p. 49]):
an entire function f is of bounded value l-distribution with l ∈ Q iff its derivative f is of bounded l-index. Here we investigate the univalence of entire functions of bounded l-index. Suppose that l ∈ Q 1 if l ∈ Q and l(xγ(x)) = O(l(x)) as x → +∞ hold for an arbitrary continuous function γ satisfying the condition 0 < A ≤ γ(x) ≤ B < +∞ for all x ≥ 0. We prove the following theorem.
Theorem 1. Let f be an entire function and l ∈ Q 1 . Then f is of bounded l-index if and only if there exist an integer N > 0 and a number δ > 0 such that for every z 0 ∈ C there exists an integer k,
For the proof of this theorem we need the following three lemmas.
The condition l ∈ Q 1 can not be replaced by the condition l ∈ Q, because N (f 0 , l 0 ) = 0 for f 0 (z) = exp{e z } and l 0 (x) = e x but f 0 (az) is of unbounded l-index for each a > 1.
Indeed, the function F (z) = z + ∞ j=2 b j z j is analytic and univalent in {z : |z| < R} and, thus, the function
is analytic and univalent in {z : |z| < 1}. Therefore, by Bieberbach's conjecture (proved in [3] ) |b j |R j−1 ≤ j for all j ≥ 1.
Now we prove Theorem. Suppose that f is of bounded l-index and l ∈ Q 1 . By Lemma 1 the function φ(z) = f (2z) is of bounded l-index N = N (φ, l) and for each z 0
for all z ∈ C and, thus,
whence it follows that there exists 0 ≤ k ≤ N such that for j ≥ 1
That is
Clearly,
Consider the function
We choose δ * such that ∞ j=1 (j + 1) N δ j * 2 j ≤ 1.
Therefore, by Lemma 2 the function F is univalent in {z : |z| < δ * /l(|z 0 /2|)} and, thus,
If l ∈ Q 1 then l(|z 0 /2|) l(|z 0 |) and in view of Lemma 1 the necessity is proved.
Conversely, if there exist an integer N > 0 and a number δ > 0 such that for every z 0 ∈ C there exists an integer 0 < k ≤ N such that the derivative (4) is univalent in the disk {z : |z − z 0 | < δ/l(|z 0 |)}. Then f (1+k) (z 0 ) = 0 and the function (5) is univalent in the disk {z : |z| < δ/l(|z 0 |)}, that is by Lemma 3 |b j | ≤ j(l(|z 0 |)/δ) j−1 and, thus,
for all j ≥ 1. Hence
for all j ≥ 1 and all z 0 ∈ C. We choose ∆ ∈ (0, +∞) such that (∆δ) j−1 ≥ j for all j ≥ 1.
Then for z 0 ∈ C |f (k+j) (∆z 0 )| (k + j)!l k+j (|z 0 |) ≤ max |f (k+1) (∆z 0 )| (k + 1)!l k+1 (|z 0 |) : 0 ≤ k ≤ N and, thus, |f (n) (∆z 0 )| n!l n (|z 0 |) ≤ max |f (k+1) (∆z 0 )| (k + 1)!l k+1 (|z 0 |)
: 0 ≤ k ≤ N for all n ≥ 1 and all z 0 ∈ C. Hence it follows that the function f (∆z) is a function of bounded l-index and by Lemma 1 f (z) is of bounded l-index. The proof of Theorem 1 is complete.
